In this paper, it is proved that both oscillatory integral operators and fractional oscillatory integral operators are bounded on generalized Morrey spaces M p,ϕ . The corresponding commutators generated by BMO functions are also considered. MSC: Primary 42B20; 42B25; 42B35
Introduction and main results
The classical Morrey spaces, were introduced by Morrey [] in , have been studied intensively by various authors and together with weighted Lebesgue spaces play an important role in the theory of partial differential equations; they appeared to be quite useful in the study of local behavior of the solutions of elliptic differential equations and describe local regularity more precisely than Lebesgue spaces.
Morrey spaces M p,λ (R n ) are defined as the set of all functions f ∈ L p (R n ) such that
Under this definition, M p,λ (R n ) becomes a Banach space; for λ = , it coincides with L p (R n ) and for λ =  with L ∞ (R n ).
We also denote by W M p,λ the weak Morrey space of all functions f ∈ WL loc p (R n ) for which
where WL p denotes the weak L p -space.
Definition  Let ϕ(x, r) be a positive measurable function on R n × (, ∞) and  ≤ p < ∞.
We denote by M p,ϕ ≡ M p,ϕ (R n ) the generalized Morrey space, the space of all functions f ∈ L loc p (R n ) with finite quasinorm 
According to this definition, we recover the spaces M p,λ and WM p,λ under the choice
The theory of boundedness of classical operators of the real analysis, such as the maximal operator, fractional maximal operator, Riesz potential and the singular integral operators etc., from one weighted Lebesgue space to another one is well studied.
The fractional maximal operator M α and the Riesz potential I α are defined by 
Here and subsequently, C will denote a positive constant which may vary from line to line but will remain independent of the relevant quantities.
The Calderón-Zygmund singular integral operator is defined by
where K is a Calderón-Zygmund kernel (CZK). We say a kernel
for all a, b with  < a < b. Chiarenza and Frasca [] showed the boundedness of T on
It is worth pointing out that the kernel in (.) is convolution kernel. However, there were many kinds of operators with non-convolution kernels, such as Fourier transform http://www.boundaryvalueproblems.com/content/2013/1/70 and Radon transform [] , which both are versions of oscillatory integrals. The object we consider in this paper is a class of oscillatory integrals due to Ricci and Stein [] Tf (x) = p.v.
where P(x, y) is a real valued polynomial defined on R n × R n , and K is a CZK. 
and
The corresponding Calderón-Zygmund integral operator S and oscillatory integral operator S are defined by
where P(x, y) is a real valued polynomial defined on R n × R n . In [], Lu and Zhang proved that S is bounded on L p with  < p < ∞. In [], Ricci and Stein also introduced the standard fractional Calderón-Zygmund kernel (SFCZK) K α with  < α < n, where the conditions (.) and (.) were replaced by
The corresponding fractional oscillatory integral operator is defined by (see [] )
where P(x, y) is also a real valued polynomial defined on R n × R n . Obviously, when α = , 
, then for  < p < ∞ and any polynomial P(x, y) the operator S is bounded
Moreover, for p =  and K is a CZK operator, the operator T is bounded from M
,ϕ  to WM ,ϕ  . Theorem . Let  ≤ p < ∞,  < α < n p ,  q =  p - α n , P(x, y) is a polynomial, and (ϕ  , ϕ  ) satisfies the condition ∞ r ess sup t<s<∞ ϕ  (x, s)s n p t n q + dt ≤ Cϕ  (x, r), (.)
where C does not depend on x and t. Then for p >  the operator S α is bounded from M p,ϕ
For a locally integrable function b, the commutator operator formed by S (or S α ) and b are defined by 
where C does not depend on x and t. If K is a SCZK and the operator S is of type
The following statements were proved by Nakai [] .
Theorem A Let  ≤ p < ∞ and ϕ(x, r) satisfy the conditions
whenever r ≤ t ≤ r, where c (≥ ) does not depend on t, r and x ∈ R n and
where C does not depend on x and r. Then for p >  the operators M and T are bounded in M p,ϕ (R n ) and for p = , M and T are bounded from
and ϕ(x, t) satisfy the conditions (.) and
where C does not depend on x and r. Then for p > , the operators M α and I
α are bounded from M p,ϕ (R n ) to M q,ϕ (R n ) and for p = , M α and I α are bounded from M ,ϕ (R n ) to W M q,ϕ (R n ).
The following statements, containing Nakai results obtained in [, ] was proved by Guliyev in [, ] (see also [, ]).
Theorem C Let  ≤ p < ∞ and (ϕ  , ϕ  ) satisfy the condition 
where C does not depend on x and t. Then the operators M and T are bounded from M p,ϕ
 to M p,ϕ  for p >  and from M ,ϕ  to WM ,ϕ  . Theorem D Let  ≤ p < ∞,  < α < n p ,  q =  p - α n and (ϕ  , ϕ  ) satisfy the condition ∞ r t α ϕ  (x, t) dt t ≤ Cϕ  (x, r),(.
The fractional oscillatory integral operators in the spaces
In this section, we are going to use the following statement on the boundedness of the Hardy operator:
Theorem G []
The inequality 
Lemma . Let  ≤ p < ∞, and K is a SCZK and the Calderón-Zygmund singular integral operator S is of type
Moreover, for p =  and K is a CZK
holds for any ball B(x  , r) and for all f ∈ L loc  (R n ).
Proof Let p ∈ (, ∞). For arbitrary x  ∈ R n , set B = B(x  , r) for the ball centered at x  and radius r, B = B(x  , r). We represent f as
and have
It is known that (see [] , see also [, , ]), if K is a SCZK and the operator S is of type (L  (R n ), L  (R n )), then for  < p < ∞ and any polynomial P(x, y) the operator S is bounded
where constant C >  is independent of f . It is clear that x ∈ B, y ∈ (B) implies
By Fubini's theorem and applying Hölder inequality, we have
On the other hand,
Hence,
Let p = . From the weak (, ) boundedness of T (see [] ) and (.), it follows that:
Then by (.) and (.), we get the inequality (.).
Proof of Theorem . By Lemma . and Theorem G, we get
Proof of Theorem . The proof of Theorem . follows from Theorem F and the following observation:
S α f (x) ≤ I α |f | (x). It is known that (see [] , see also [, , ]), if K is a SCZK and the operator S is of type (L  (R n ), L  (R n )), then for  < p < ∞ and any polynomial P(x, y) the commutator operator
Commutators of fractional oscillatory integral operators in the spaces
where constant C >  is independent of f . For x ∈ B, we have
